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Data from a range of filtration experiments on dilute suspensions are used to deter- 
mine the parameters that describe the physics of suspension flow during compaction. 
The range of solids volume fractions used is 0.00001 < 4 < 0.1; 5-potentials vary be- 
tween 0 and 50 m K  Relevant physical data are extracted from an analysis of the initial 
stages of experiments at various 4 and 5. Theoretical considerations on suspension 
flow are presented to argue that the physical character of the flow at relatively dense, 
strongly interacting conditions is significantly different from that of dilute systems. The 
latter are dominated by fluctuations in the particle velocity near the septum to give 
gas-type diffusive behavior, while in the former the particles are more or less localized. 
This observation has implications for the difsusion coefficient, which is predicted to be 
quadratic in the filtration pressure for very dilute suspensions and which is roughly 
independent of pressure for mixtures containing strongly interacting particles. Experi- 
ments are described and analyzed, and these reinforce the main theoretical insights. 

introduction 
Developments in filtration theory have aimed at providing 

detailed descriptions of fluid motion through a filter cake due 
to a hydraulic pressure gradient. This gradient causes an in- 
terfacial momentum transfer in the form of viscous drag at 
the particle-fluid interfaces. If the shape or strength of the 
solids is such that the packing arrangement of particles in the 
cake can sustain this force without further movement occur- 
ring, then the cake is regarded as incompressible. The model- 
ing approaches involved have been well described in several 
texts, for example, by Tiller (1975), Shirato et al. (1986a,b), 
Leu (19861, Smiles (19861, and Wakeman (1986). The com- 
pressible nature of many filter cakes is recognized in most of 
these works, but none takes a rigorous approach to the incor- 
poration of appropriate terms into initial force balances in 
order to describe either particle-particle or particle-fluid in- 
teractions other than drag. 

This article is concerned with the physical interpretation of 
the results measured during filtration experiments in which 
slurries are dewatered by forcing the liquid component 

through a permeable septum. The diffusion processes that 
take place near the septum are used to gain insight into sus- 
pension flow properties. In particular, the role of the inter- 
particle force arising from interacting ions and electron clouds 
around the particles affects the overall flow properties. The 
pH of the suspension is varied in order to influence the char- 
acter of the interactive force. Experimental results are re- 
ported, and a theoretical investigation is conducted to ana- 
lyze the observed flow phenomena. From a comparison of 
the laboratory data with theoretical predictions, the phe- 
nomenological microscopic parameters of the theory can be 
determined. 

It will be shown that the mechanical flow parameters can 
be determined from an analytical, quasi-linear theory that 
describes the initial stage of filtration. Subsequent stages may 
be obtained by solving the relevant nonlinear equations nu- 
merically. During filtration a wide range of solids concentra- 
tions is encountered, beginning with a low solidosity slurry 
and ending with a densely packed cake. In order to derive 
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the flow parameters from the initial stage of an experiment, a 
set of tests is needed to encompass a wide range of initial 
suspension solidosities at the beginning of each test. 

The analysis of the mechanical processes that take place is 
qualitatively summarized as follows: 

1. At the initial stage of the experiment a steep solidosity 
gradient is generated close to the septum surface, while the 
septum is clogged by particles settling on it. A force that tends 
to oppose the gradient works on the particles; this is associ- 
ated with either an asymmetric charge distribution created 
around each particle, or with a diffusive effect that arises from 
the natural fluctuations in the motion of the particles. A large 
proportion of these fluctuations is generated by the heteroge- 
neous microflow near the septum. Drag forces are investi- 
gated; these are due either to the velocity difference between 
the particles and the fluid that arises as the particle velocity 
decreases as the particle approaches the deposition surface, 
or to viscous suspension compression. The force balance of 
the solid phase, coupled with the two-phase flow equations of 
continuity, gives a complete set of equations that enable the 
flow problem to be analyzed. A phenomenological relation is 
needed to estimate the changes that affect the septum per- 
meability; a relation is used that employs the packing density 
at the septum surface as the only dynamic parameter (in ad- 
dition to the static clean water permeability). 

2. In the subsequent stages of the compression process, a 
skeletal stress is created at higher packing densities that flat- 
tens the solidosity gradient, thereby forming a cake at the 
septum. 

3. The end phase consists of consolidation of the cake by 
direct compression. 

The latter two phases are not investigated in this article. 
This article is concerned with the description and analysis of 
the initial deposition processes and the development of the 
solidosity gradient immediately after pressure is applied. 

The idea that the initial stages of the dewatering process 
can be used for parameter detection was first suggested by 
Koenders and Wakeman (1996). The technique requires ac- 
curately logged volumetric flow data over a short time scale 
(during the initial few 100 s, depending on the conditions of 
the experiment). It has been shown-and will be demon- 
strated again below in a different manner-that the flow vol- 
ume for short times behaves as Vol(t) = Zt + ft”, where X 
and f are system parameters containing information about 
the applied pressure, the septum resistance, and the influ- 
ence of membrane fouling, as well as the solidosity-depend- 
ent fluid drag and diffusion parameters. Determination of 5 
and f is accomplished by means of a least-squares proce- 
dure, fitting raw experimental time-dependent volumetric 
flow data to the expected curve. In this way, not only are X 
and f obtained, but so are estimated standard deviations in 
these parameters. 

This article is structured as follows. The theory describing 
particle-interaction-dependent one-dimensional suspension 
flow is outlined first to determine the relevant constitutive 
relations. Then the boundary-value problem appropriate to 
the test setup is discussed for various forms of the interactive 
particle-pair potential. The experiments are described in some 
detail, and the constitutive parameters are obtained from 
these using the least-squares procedure. The experimental 
data are compared to theoretical predictions, and theoretical 

concepts are then verified by studying the results of a series 
of experiments at different initial solidosities and at a range 
of pressures. This variation in initial conditions yields the in- 
formation that is required to test the theoretical assumptions. 

The results of the analysis are twofold. First, the methodol- 
ogy used for parameter detection is treated and discussed. 
While the errors in the data obtained are generally quite 
large, the method gives a reasonable estimate of the relevant 
parameters that describe the initial cake formation. Second, 
theoretical considerations of suspension flow are presented 
to argue that the physical character of the flow at relatively 
dense, strongly interacting conditions is significantly different 
from that of dilute systems. The latter are dominated by fluc- 
tuations in the particle velocity near the septum, resulting in 
gas-type diffusive behavior, while in the former the particles 
are more or less localized. This observation has implications 
for the diffusion coefficient, which is predicted to behave 
quadratically in the filtration pressure for very dilute media 
and which is roughly independent of pressure for mixtures 
containing strongly interacting particles. These findings are 
confirmed by the analysis of the experimental data. 

Theoretical Investigation 
The flow phenomena are described in terms of continuum 

variables. These are U for the fluid velocity, Y for the particle 
velocity, p for the fluid pressure, and 4 for the solids volume 
fraction. All of these are homogenized variables and func- 
tions of position x measured from the septum and time t .  
The experimental piston press is one-dimensional, but for mi- 
nor effects alongside the vertical walls. The validity of the 
continuum approach is debatable, because individual particle 
velocities may vary widely at nearby positions and time points. 
These fluctuations require continuum variables to be defined 
over substantial regions of space and over long times; for the 
fluid itself, the question of the adequacy of the continuum 
description has been addressed by Murdoch (1983), who 
demonstrated that material point identification is excellent 
for molecular length scales. But for the particulate phase the 
definition of continuum variables should involve many parti- 
cles in more or less homogeneous circumstances. There is 
probably no problem when the continuum variables are used 
to express conservation principles, such as is the case with 
the equations of continuity. If constitutive properties are 
evaluated, however, certain nonlocal effects may play a role. 
In particular, one nonlocal state variable-the granular tem- 
perature, which describes the fluctuation intensity evolution 
of the particle packing, interparticle interactions, and velocity 
differences between the liquid and solid phases-is needed 
to obtain the relevant constitutive diffusion relationship. The 
nonlocal character of the granular temperature implies that 
the validity range of the model is limited to large length scales, 
spanning many particle diameters. If any phenomena occur 
that take place on a short range, an averaging process must 
be used to ensure that any balance equations operate on the 
same length scale. 

The constitutive behavior of a particle-fluid mixture is re- 
quired in approximate form in homogenized variables to solve 
boundary-value problems. The equations of continuity hold 
in one dimension: 

AIChE Journal April 1997 Vol. 43, No. 4 947 



These two equations are for the four field variables U ,  u, p ,  
and 4; the third equation is the constitutive equation for the 
particulate phase; and the fourth is the constitutive equation 
for the fluid component of the mixture. 

I 

Particle force balance 
For the particles a quasi-static force balance, consisting of 

a particle-fluid interaction and a particle-particle interac- 
tion, is proposed. The particle-fluid interaction is of the form: 

where p is the &dependent drag coefficient that is propor- 
tional to the viscosity of the fluid p. The particle volume is 
denoted by Vp; and the particles have radius a. The func- 
tional form of p( +) is obtained from a fluid-flow model for a 
medium that consists of solid spheres and fluid in an average 
isotropic packing. Koenders and Williams (1993) derive a form 
for p( 4) using no-slip least-squares boundary conditions on 
neighboring spheres in a fluid-cell model. Happel and Bren- 
ner (1973) derive an expression based on the assumption that 
the outside of the unit cell is frictionless. Both derivations 
contain approximations, but there is good agreement be- 
tween the two methods, so an order of magnitude is estab- 
lished for the drag force as a function of the solidosity. The 
two results are shown in Figure 1. 
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Figure 1. 
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@ 
Dimensionless drag coefficient pa2/p as a 
function of the solidosity. 
Estimates for isotropic microstructures: (a) according to 
Koenders and Williams (1992); (b) according to Happel and 
Brenner (1973). 

Another component in the particle-fluid interaction is the 
compressibility of the suspension that gives rise to the term: 

This term was also investigated by Koenders and Williams 
(1993) (for average isotropic packing), and an estimate for N 
is obtained. Typically N is of the order of magnitude of 
n( +)@3, where n( 4) is a weak function of the solidosity and 

is the unit cell radius a+-'P; N E - 2  is more or less con- 
stant as a function of + and is small compared to p(+).  The 
term given by Eq. 4 is not included in the subsequent analysis 
(see the Appendix), because for the present filtration prob- 
lem it only makes a very small contribution to the end result, 
but requires a disproportionate mathematical effort. 

The third force is due to particle-particle interaction 
(sometimes called networking). Buscall and White (1987) uti- 
lized the concept of the network possessing a compressive 
yield stress Py(+), which is assumed to be an implicit func- 
tion of the strength of the interparticle bridging force and an 
explicit function of the local volume fraction + of the solids. 
This implies that Py(+)  increases with 4 due to the larger 
number of interconnections between particles, and hence the 
greater strength of the networked structure, and that it be- 
comes vanishingly small below the volume fraction +g at 
which the suspension is completely networked (at the gel 
point). Tentative power-law expressions of the form 

PJ+,-*,[( ;) " 1  -11 Or 

have been used to fit experimental Py(4 )  data. Auzerais et 
al. (1988) used a similar form. In a series of papers Landman 
et al. (1988, 1991, 19951, Howells et al. (1990), Landman and 
White (19921, and Landman and Russel (1993) have devel- 
oped this approach for sedimenting and filtering systems 
further. 

When Py(+) is used, the associated force on a particle is 

d 

d X  
Fint a - P y ( + > .  (6) 

No networked yield stress is introduced for solidosities less 
than +g. These authors employ no compressive force, and 
while + < +g, they let the solidosity accumulate linearly with 
position and time until + = +g, when the system is deter- 
mined and the consolidation phase begins. This approach is 
unsatisfactory for very dilute systems, and the physical proc- 
esses that control this range need to be investigated further, 
which we do below. 

A more detailed analysis of the particle-particle interac- 
tion and the important question of how it is expressed in con- 
tinuum variables are now explored. The interparticle force 
for small particles in the 100 nm to 10 p m  size range is domi- 
nated by the value of the zeta potential. There is a long-range 
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force for high absolute values at the zeta potential, depend- 
ing on the particle surface separation h, which has the form 

. Here K is the inverse thickness of the double layer, and 
depending on the electronic conditions, 1 / ~  is of the order 
0-0.5 pm. The particles used in the experiments described 
below have a radius of 0.1 to 1 p m  and an average separa- 
tion on the order of 1 p m  at 4 = 0.01. The effects of the 
interaction in the parameter range outlined here are there- 
fore important, even at these low concentrations. For small 
or negligible 1/~ ,  the functional variation of the force with 
interparticle separation is quite steep (hard-sphere interac- 
tion); for larger values of 1 / ~ ,  the behavior is called the soft- 
sphere interaction. The interactive force can be expanded in 
a power series in the interparticle surface-separation distance 
h, involving derivatives of the interactive potential V(h). For 
increasingly hard interactions, higher order derivatives be- 
come relevant (Ottewill, 1980). 

We use superscript Greek letters to distinguish the parti- 
cles. The interactive force is derived from a potential energy 
function V(hP”); generally speaking, it is a repulsive force, 
directed along the center lines of the particles. The average 
particle radius is a. The location of particle p is x”; h P y  = 

I x P -  x” I -2a ;  and the force F’“ is 

- ~h 

The net interactive force on particle p is 

(7) 

Case 1: ~ ’ ( h  - x)’< 1. This case concerns a structure 
where the particles are more or less at rest in a dense pack- 
ing. The experiments reported below deal with dilute suspen- 
sions, and only the initial stage is considered; therefore, this 
case is developed to elucidate the methodology, and is not 
verified experimentally. 

V(h)  is a fast declining function of h and is therefore only 
able to consider the nearest neighbors. These neighbors will 
on average be located at a distance ro(8,  cp, t ) .  The summa- 
tion (Eq. 10) is replaced by an integral over the unit sphere 
with weighting function p(R), which indicates how many in- 
teracting particles are present in a solid angle dR = 
sin 8d8d cp: 

1 
‘ I  Vi unit 
u.. = - dRp(  R FJ ro( R )I ro( R )n, ( a), ( 11 ) 

sphere 

where V, represents the volume of the continuum containing 
a single particle. 

Expanding the potential V(h)  in a Taylor series yields 

1 
u--=-/ dRp(R) ‘’ V, unit 

sphere 

xr0(R)ni(R)nj(R), (12) 

where h = ro(8,  cp, t)-2a; is the average over time and 
direction of ~“(8, cp, t ) - 2 a  and is related directly to 4 (for 
- dense isotropic media- 4 > 0.2-the relation between 4 and 
h is presented by Torquato et al., 1990); and n is a unit-nor- 
ma1 vector. Because of the flow direction there is a possible 
induced anisotropy that has a major principal axis in the x-di- 

(8) 
d 

F,P = c FiPy = - - c V ( h @ ” ) .  
” # @  d x r  V # @  

rection. Thus ro(8 ,  cp, t ) ,  when averaged, has a tensor form 
relating it to the direction of the unit-normal vector n in the 
following approximate (lowest order) form: 

The situation here is not unlike the one encountered in the 
statistical mechanics of fluids, with the solid particles playing 
the role of molecules. The analogy is particularly useful when 
the hard-sphere interaction applies and a gas-diffusion-type 
constitutive behavior prevails (see Case 3 below). 

For soft-sphere interactions the behavior is more like that 
of a solid, and the appropriate micromechanical is 
applied. The interactive net force per unit particle volume 
F@/Vp is derived from a suitably chosen stress as follows: 

r o ( 8 ,  cp, t ) =  di jnin, .  (13) 

The tensor d is the elliptical structure tensor, and the av- 
erage distance between the particles depends on the direc- 
tion. The transverse isotropy expected in the present case 
would impose on d the form: 

where the continuum stress is defined as 

(9) 

with two coefficients d,,  and d,. The fluctuations in ro(8 ,  cp, 
t )  in both direction and time are denoted by d*(t) ,  that is 
r0(8,  cp, t )  = d,,n,nl + d*(t) .  The fluctuations in the distance 
are also the fluctuations in h, and Eq. 11 therefore becomes 

1 
(lo) U[]  = - c c F, ’“ (x; -x ; ) .  

volume /L u # @  

The summation sign over p is over the particles in the assem- 

Various cases can be developed and related to the filtra- 
tion conditions. These cases are distinguished by the aid of 

bly in the volume. dRp(R)dk/nknlnzn1- ;; Ih - 
sphere 

the parameter ~ ~ ( h  - x)2,  measuring the order of magnitude 1 
of the fluctuations in the distance between the particles 
against the range of the interactive force. 

+ 
L i t  

sphere 
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This may be further evaluated if any knowledge about p(R) 
is available. 

In this case, no series expansion 
in the potential is possible as this would not lead to a conver- 
gent result. Evaluation of Eq. 9 must therefore be carried out 
directly. This requires knowledge of the pair distribution. The 
regime is similar to the one that applies to fluids. There is 
obviously some connection between the functional form of 
the potential and the structure that materializes in a given 
flow situation. The problem is discussed in the literature, both 
for noninteracting particles (Batchelor, 1977) and for inter- 
acting particles (Hess, 1980). The Smoluchowski equation is 
developed in these references for the appropriate flow situa- 
tion (Rice and Gray, 1965). Cole (1967) lists various ap- 
proaches to the rate equation that controls the pair distribu- 
tion function. These equations represent a balance between 
the chaotic influences that follow from random, isotropic 
temperature effects and average flow patterns that have an 
ordering tendency. The former phenomena tend toward 
isotropic structures, while the latter tend to align the struc- 
ture with the particle flow-rate tensor. It is uncertain whether 
this approach is entirely valid for the present experimental 
setup, as the flow type contains a large component of the 
phase-velocity difference that is highly directional and thus 
undermines the concept of isotropic disorder. A new ap- 
proach to the problem of ascertaining the character of the 
structure of the directional interparticle distance distribution 
was presented by Koenders (1995) using continuum mechan- 
ics and requiring that the intensity of the fluctuation field 
neither increase nor decay exponentially in space and time. 
This approach can only contribute to information on the av- 
erage structure of the interparticle distance. The preceding 
are background considerations when the form of the contin- 
uum stress is estimated. 

The stress is evaluated as in Case 1. The summation sign in 
Eq. 10 is replaced by an integral, but now no average dis- 
tance can be employed, thus complicating the form of the 
distribution function, which is now not just direction depen- 
dent but also contains information on the interparticle dis- 
tance h: 

Case 2: ~ * ( h  - %)’= 1. 

where p ( h ,  R)dhdR is the number of particles between sur- 
face distances h and h + dh as well as solid angles R and 
R + dR in the vicinity of a representative particle. For the 
dilute mixtures envisaged here-0.01 < 4 < 0.1-the average 
distance between particle centers in an isotropic packing is 
roughly a4-’ f l ,  which makes the spacing between particle 
surfaces similar to that of the particle diameter. 

The pair potential itself has the asymptotic form 
Voe-K(r -2a)  when Ka is small (that is, < 51, and - V, In(1- 

) when Ka is large ( > lo), where V, is given in the 
physical chemistry literature on double-layer interaction as 
approximately ~ P E U I , @ ,  where E = e0er is the dielectric per- 
mittivity, and Jlo is the surface potential (see, for example, 
Hunter, 1987). Reasonable estimates for these variables are 
known. Values for K are given in the same sources. 

e -  ~ ( r -  2 0 )  

The evaluation of the integrals in Eq. 16 depends on the 
form of p ( h ,  R). It has already been argued that the mi- 
crostructure may be strongly anisotropic and therefore, given 
the form of the interactive potential, the outcome is domi- 
nated by a small number (4) of strong interactions in the 
x-direction. For these interactions the magnitude of the force 
is approximately K V ~ ,  and h is negligible; the ratio of (2a + 
h)/V, is about a f i / V ,  in magnitude. Thus, for small values 
of Ka, ox, takes the form: 

Using 4V,  = Vp, and assuming that N, is a weak function 
of the solidosity, the “diffusion parameter” is estimated as 

(18) 

An estimate of the variation of h with 4 is needed for the 
thin double layer, but as yet no appropriate theory has been 
developed to produce one. A theory to estimate Ni is also 
required, and work on modifying existing theories mentioned 
earlier is in progress. 

Case 3: ~ * ( h  - h ) * ~  1. This case describes the situation 
where, compared to the average interparticle distance, the 
5-potential does not have a noticeable range. The particles 
behave more or less like the molecules of a gas of hard 
spheres. The important parameter is now the granular tem- 
perature, a measure for the energy of the fluctuations. These 
fluctuations, when averaged over a time scale that is short in 
comparison to the overall changes in the medium, span many 
particle diameters and are thus defined by the fluctuations 
that reign throughout the medium. The quadratic average 
gives a constant value. The quadratic displacement in Brown- 
ian motion is proportional to the temperature, defined as the 
quadratic measure of the particles’ velocity fluctuations, 
sometimes called the granular temperature. (It should be 
noted that the physical origin of the fluctuations need not be 
Brownian.) Field equations for the granular temperature in a 
viscous medium are available (McTigue and Jenkins, 1992; 
Nott and Brady, 1994) and the nonlocal character of the fluc- 
tuations is recognized. The kinetic theory developed for dry 
granular media is a natural vehicle (Bagnold, 1954; Jenkins 
and Savage, 1983; Gidaspow, 1994). The addition of a viscous 
medium was made recently (McTigue and Jenkins, 1992; Nott 
and Brady, 1994). Solutions of the temperature-field differ- 
ential equations are available for dense media in a state of 
shear with smooth boundaries. For the present experimental 
system, the septum-particle-fluid system creates a continu- 
ally changing distribution of fluid and particle velocity direc- 
tion and magnitude over the filter cross section, particularly 
during the initial stages of deposition when pores in the sep- 
tum are being closed off to fluid in a more or less random 
way and thereby frequently causing fluid streamlines to devi- 
ate. The distance between the pores, the particle size, and 
the pore sizes are ail roughly of the same order. The domi- 
nating kinematic feature will be the changes in particle veloc- 
ities near the septum, and the granular temperature near the 
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septum is thus reasonably assumed to be proportional to the 
quadratic velocity difference between particles and fluid. The 
net force on a particle takes the form: 

my2 2 d4J ( U - u )  -, F . =  -- 
4 d X i  

(19) 

where m is the average mass of the particles and v gives the 
factor by which the average phase-velocity difference is am- 
plified to yield a measure for the magnitude of the fluctua- 
tions in the fluid velocity. A first-order estimate of v is the 
ratio of the cross-sectional area of the cylinder in which the 
experiment is carried out to the total area of the pores in the 
septum. 

The constitutive behavior of the fluid in the suspension is 
discussed in Koenders and Williams (1992) for isotropic ge- 
ometries. The fluid pressure p and the phase velocities are 
related as follows: 

The two cases of interest are n = 0 (soft-sphere interactions) 
and n = 2 (hard-sphere interactions). Writing 

gives 

( n = 0 )  (25) 

(26) 
The Darcy coefficient A is connected to p by 

A = - @ .  (21) 

Higher order terms similar to the one in Eq. 4 can be in- 
troduced (Koenders and Williams, 19921, but they have no 
noticeable effect on the end result of the analysis. 

Filtrate Flow Rate Calculation 
The aim of the analysis is to calculate the filtrate flow rate, 

and to gain detailed knowledge of the effects of fundamental 
variables that characterize the suspension, such as the zeta 
potential, as well as of the operating parameters of a filter, 
such as the applied pressure. We do this by solving the equa- 
tions of continuity, Eqs. l and 2, together with a force bal- 
ance for the particles. The force balance is obtained by 
equating the drag force, Eq. 4, to an appropriate form of the 
interparticle repulsion force. The appropriate form is deter- 
mined by the nature of the interaction: in the case of soft- 
sphere interactions, this requires the use of Eqs. 9 and 18, 
and for hard-sphere interactions, Eq. 19. The methods used 
to solve the resulting equations are given in the Appendix. 
For the initial stages of filtration ( t  4 01, and assuming that 
the solidosity is small, the expression for the flow rate is found 
to be 

The piston velocity, V,, is approximated as -(p/R(O)A,,) 
to give for the measurable cumulative volume of filtrate Vol(t) 
produced in the early stages of filtration: 

Thus, the behavior for the two cases is quite different. These 
equations can be verified by creating experimental conditions 
that correspond to cases 2 and 3. This is mainly achieved by 
varying the 5-potential. 

Experiments 
Suspensions were prepared for the filtration experiments 

using anatase (supplied by Tioxide PLC) suspended in double 
distilled water. Particles were washed initially by dispersing 
them in water and shaking the mixture using a flask shaker 
until the liquid conductivity reached a constant value. The 
particles were allowed to settle, and excess liquid was de- 
canted off. This washing and decanting process was repeated 
several times until the solution conductivity was the same from 
one decant to the next. The solids volume fraction was then 
adjusted to that required for the experiment, and the pH al- 
tered by the addition of HCl or NaOH, as appropriate. 

The size distribution of the particles was measured using a 
Malvern Mastersizer, and their zeta potentials determined 
using a Malvern Zetasizer. The isoelectric point of the parti- 
cles occurred close to pH 3.4, suggesting that the anatase was 
in a coated form. The particle-size distribution had a mean 
surface-volume equivalent diameter of 0.5 p m  and a size 
range from 0.1 to about 5 pm, indicating that the particles 
were probably not fully dispersed by the mixing techniques 
used. Nonetheless, the same technique was used from one 
experiment to the next, and the same reproducible size 
distribution was obtained prior to pH adjustment of the 
suspension. 

The filtration tests were carried out in a piston press which 
comprised an upright, polished stainless-steel cylinder 
mounted on a circular base. The cylinder had an internal bore 
of 43 mm and a height of 193 mm (107 mm in some experi- 
ments). The base contained a 43-mm diameter recess into 
which a loosely fitting stainless-steel sinter disc was inserted; 
this disc supported a porous nylon membrane (0.1 pm Pall 
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Figure 2. Experimental apparatus. 

Posidyne) onto which a cake was deposited. At the start of an 
experiment the cylinder was filled completely with suspen- 
sion, the piston brought into contact with the suspension sur- 
face, and then the load was applied to the piston (and main- 
tained constant) using a controlled pneumatic cylinder fed 
from a compressor. The mass of liquid draining through the 
membrane was recorded using a load cell connected to a data 
acquisition system. The applied pressure was monitored 
via a load cell mounted in the piston head. The overall 
arrangement of the apparatus is shown in Figure 2. 

A typical set of experimental data, plotted as the volume of 
filtrate collected as a function of the filtration time, is shown 
in Figure 3 for a range of applied pressures. In order to ex- 
amine cases 2 and 3 (case 1, where the particles are initially 
more or less at rest in a dense packing, is a special case that 
rarely occurs in applied filtration problems and was not con- 
sidered from the experimental viewpoint), discussed in the 
theoretical investigation, an appropriate range of variables 
was chosen. The variables selected for study were the initial 
volume fraction of solids in the suspension (Cp), the pressure 
applied at the suspension surface ( p ) ,  and the zeta potential 
of the particles in suspension ( 5 ). 

Evaluation of experiments 
The data are fitted to volume-time curves of the form 

Vol(t) = i t  + ft3P. For the theoretical analysis to be valid, the 
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Figure 3. Cumulative volume of filtrate as a function of 
the filtration time at various piston pressures. 

increase in the solidosity must be small. The parameters X 
and f are determined by means of a least-squares routine 
from the initial stages of each experiment. The details of the 
routine are described by Topping (19721, who also calculated 
an error measure for the values of X and jj based on the 
statistical distribution of the data points around the curve. 
Another error measure can be obtained by comparing vari- 
ous lengths of the time record. In both cases, the errors in 2 
are mostly small and not always shown in the graphs of the 
results. The errors in f are experiment dependent and given 
on the graphs of the results; generally speaking they are 
larger, ranging from some 10% to an order of magnitude. 

The experiments are classified on the basis of the expected 
value of the parameter ~ ~ ( h  --%I2. The value of K is esti- 
mated from the measured electrical properties of the parti- 
cles and the ionic composition of the fluid, and an estimate 
of the value of % is calculated from the average interparticle 
distance. The value of % is roughly aCp-'P - 2 a  for a 
monodisperse distribution of sizes and low values of the soli- 
dosity. For a heterodisperse size distribution the radius of 
the average particle by number ( a )  is used; for the experi- 
ments considered here it is found that ( a )  = 0.1 pm. The 
condition ~ ~ ( h  - E l 2 =  O(1) is satisfied in the range of solid 
volume fractions 0.02 < Cp < 0.1, and K - '  is on the order of 
50 nm. In this range the pressure dependence of f is quadratic 
(see Eq. 25). 

For the experiments that satisfy ~ ~ ( h  - %I2>> 1, the pres- 
sure dependence of f is expected to be linear (Eq. 26), and 
the solidosity dependence of J ,  will then be approximately 
proportional to Cp-' (Eq. A3). This regime can be found ei- 
ther for low values of the solidosity or for large K or for small 
values of the 5-potential. The latter two factors are mostly 
satisfied simultaneously. 

Finally the case K 2( h - h)2 K 1 will be of interest, which is 
only found for solidosities in the range Cp > 0.1, and the anal- 
ysis set out in the Appendix is thus not valid. This case has a 
number of quite unique peculiarities, and therefore the mea- 
surements that apply to it are left to a later report. 

The following parameter ranges are considered below, with 
experimental data appropriate to each set of conditions: 
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I .  The case of K2(h - x f=  O(1) for various values of $ 
at constant pressure. 

11. The case of ~ ~ ( h  - h)2= O(1) at $ = 0.01 for a range 
of pressures. 

111. The case of K 2( h - % )* B 1 for a range of pressures 
at $ = 0.01 at constant pressure. 

IV. The case of ~ ~ ( h  - h ) ' ~  1 for various values of $ 
at a constant pressure. 

To study the experiments with a view of deriving numerical 
estimates of the diffusion parameter in various circumstances 
it is necessary to have an idea of the behavior of f .  The accu- 
mulation of particles on the septum causes clogging, and as a 
result the septum permeability is reduced. The magnitude of 
this effect is directly expressed in f .  In Figure 4 the value of 
X is plotted as a function of the solidosity at p = 337 kPa and 
5 = - 44 mV. A functional relationship will be required later 
on, but it is seen that no simple power law fits the whole 
range of solidosities. It is also noted that a distinct turnover 
in behavior occurs at $ = 

I. The values for X in the range 0.01 < $ < 0.1 are plotted 
(Figure 4) and fitted to the expression: 

In - = -1.141n2($)-9.731n($)-52.5. (27) (:'I 
The value of J ,  follows from Eq. 25, n = 0 

The main sources of error in the experimental determination 
of Jo  are the errors in f and 9. These have a large impact on 
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g = -44 mV and piston pressure of 337 kPa. 
Figure 4. Value of X as a function of the solidosity at 

The experiments in the range 0.01 < 4 < 0.1 are fitted to 
In(.fZ/2)= - 1.141n2(+)-9.731n(&.)-52.5. 

Eq. 28 because of the high exponential order in which these 
variables occur. Generally speaking the order of the error f 
and j j  is some 30%, and therefore only an order of magni- 
tude for Jo  can be achieved. Although the model predictions 
as obtained from the theoretical investigation are equally 
rough, some comparison can be made. Three theoretical esti- 
mates for .To are derived, the first from Eq. 18; the second 
from Eq. 15 in isotropic packing at h = a4-V -2a, which 
yields the result 

and the third is an upper bound, evaluating the force contri- 
bution in Eq. 29 in h = 0: 

(30) 

The potential front factor is calculated from Vo = 2 m , ~ , a $ ; ,  
with a value of E, = 80 and the surface potential l$,,l= 40 
mV. 4 is chosen equal to 6. 

The three estimates are shown in Figure 5 for two values 
of b = ~ ( u ) .  It is observed that the estimate obtained from 
case 1 is only relevant for high values of the solidosity. Exper- 
imental values are also obtained. There are three experi- 
ments that qualify: $ = 0.01; $ = 0.025; and $ = 0.1. For the 
analysis /3 must be given (Eq. 28), and this quantity depends 
strongly on the choice of ( a )  and is furthermore influenced 
by the anisotropy of the packing (the estimates discussed in 
the theoretical investigation only pertain to isotropic mi- 
crostructure, but anisotropy may have a substantial impact). 
Thus an upper bound for .To on the order of l o 7  Nm-'s-' is 
found, more or less independent of the solidosity. A lower 
bound may be as much as a factor of 20 smaller. 

The comparison between theory and experiment permits a 
rough estimate of b: b = 1-10, a value that corresponds to a 
double layer thickness of K - ~  = 10-100 nm. This value is in 
the order of magnitude that is expected: 50 nm < K - ~  < 500 
nm. However, various elements of the theory are deficient: 
granular temperature effects have been neglected; the 
pair potential is approximate (some 40% error may be ex- 
pected, Hunter, 1987); and for the lower solidosity, $ = 0.01, 
the theory is also not entirely valid because the condition 
K 2 ( h  - Z) = O(1) is not completely satisfied. 

11. This case is used to prove the assumption that the 
clogged septum permeability depends only on the solidosity. 
f is plotted as a function of the applied pressure for 5 = - 44 
mV (Figure 6). A regression analysis on the data shows that 
f a p'.O', so that it may be concluded that the resistance is 
constant with respect to the flow velocity and only depends 
on the solidosity near the septum. 

A quadratic dependence of 9 on the piston pressure p is 
expected (Eq. 25). The relevant data (for 5 = -44 mV) are 
plotted in Figure 7. The agreement with the theory is not 
perfect; the regression line follows the curve jj a but no 
perfect agreement is expected because for $ = 0.01 neither a 
random temperature model nor a fixed interparticle distance 
model is genuinely valid. 

2 
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Figure 5. Theoretical estimates of the parameter J,. 
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The surface distance between particles is given by h = 
a 4 - V  - 2 a ,  N, = 6 ,  the potential front factor Vo = 
2aso~,a$02, with E ,  = 80 and I$ol = 44 mV, ( a )  = 1.1 x lo-’ 
m, and b = K ( u ) .  

111. This case is achieved by making the (-potential low. A 
linear pressure dependence of j j  is expected. The data for 
C = 0 mV are plotted in Figures 6 and 7. A regression analy- 
sis yields j j  a p1.O7. The data for X are also fitted; the expo- 
nent for the pressure depended a great deal on the location 
of the value for p = 0.3 MPa and this data point is very noisy. 
In general there are quite wide fluctuations in the time- 
volume plots for the data used in this case. Although the lack 
of an interactive potential apparently makes the process much 
more unstable, the general trend is clear and it follows the 
theoretical principles outlined in this article. 

IV. Two sets of data are available for this case; the first 
has high 5-potential, but very low + (on the order of 
10-3-10-5); the second has negligible 5-potential and 
< + < 2.5 x lo-*. Both sets of data satisfy ~ ’ ( h  -%) >> 1. In 
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Figure 6. Value of X as a function of the filtration pres- 
sure at 4 = 0 and -44 mV at 4 = 0.01. 

order to derive features of J , ,  the derivative of X with re- 
spect to + is needed. X is plotted for the two sets of data in 
Figures 4 and 8; X is approximated as 

Similarly j j  is approximated as 

le-7 

Figure 7. Value of ji as a function of the piston pres- 
sure at 4 = O  and -44 mV at +=O.Ol .  
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l I: 0 rnV and piston pressure of 337 kPa. 

j j  = (32) 

From Eq. 26, n = 2, it follows that 

16p aZb: 

97r a; 4 i 2 b y +  2 b x -  '. J 
2 -  (33) 

The two sets of data for j j  are plotted in Figures 9 and 10; 
a regression analysis is carried out to obtain the estimates for 
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Figure 10. Value of as a function of the solidosity at 

5 I: 0 mV and piston pressure of 337 kPa. 

ay and by. In the same way, a, and b, are found. There are 
obviously quite substantial error margins, but the whole range 
of tests gives a good indication of the trend in the data. For 
the set with 5 = -44 mV and it is found 
that K = 10-6.5~-0.'5 and j j  = 10-s.44-0.23. For the measure- 
ment set with 5 = 0 mV and lop3 < 4 < 2.5 X lo-,, the cor- 
responding result is 2 = '.' and j j  = 10- ".'&- '.'. The 
associated solidosity dependence for the coefficient J2 is J2 
= 140(16p/97r)4-0.85 for the former series and J ,  = 
480(16/3/9~)~#-'.~ for the latter. These results are similar in 
the range of 4 considered here. Also in both cases, the expo- 
nent of C#I is close to - 1, which is what the theory suggested. 
So even while the experimental error is quite large, very rea- 
sonable results are obtained, as expected for very low solids 
concentrations. 

The experimental value for J2 permits the estimate of the 
factor Y in Eq. A3. The average particle mass is of the order 
of 5X kg, resulting in a value for v = 1 . 0 ~ 1 0 ~  (using 
the viscosity of the water at room temperature and a particle 
radius on the order of lop7 m). The pore radius of the sep- 
tum is measured to be on the order of m. Now if v is 
approximated as the ratio of the cylinder cross section to the 
total pore surface available to flow, the number of pores per 
mm2 is estimated as in the order of 5 X lo2, and the clean 
water value for the septum is of the order of If the 
effective pore size is assumed to be slightly smaller, lo-' m, 
then the number of pores per mm2 is 4 X lo4, which is a very 
reasonable value. The factor v of course contains more than 
just the pore area to cylinder cross-sectional ratio; it also says 
something about the efficiency with which, velocity fluctua- 
tions are transmitted to the particles. 

< 4 < 

Conclusions 
Filtration models have generally failed to recognize the role 

of interparticle forces during cake formation and consolida- 
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tion, although experimental evidence pointing to its impor- 
tance has been recognized. The simplest theories for con- 
stant-pressure filtration of noninteracting particles arrive at 
the conclusion that the filtrate volume produced is propor- 
tional to PO.’, and that any particle-particle interaction effect 
has been accounted for empirically. This work has shown that 
the relationship of filtrate volume produced during the initial 
stages of cake formation by pressure is dependent on the 
range of the zeta potential; analytical solutions are presented 
for soft-sphere and hard-sphere interactions. The modeling 
approach is based on established theories for suspension flow, 
and it shows the differences in the physical character be- 
tween dilute suspensions of strongly interacting particles and 
dilute systems of relatively free particles. While the behavior 
of the latter is dominated by fluctuations of particle velocities 
near the septum, in the former type of suspension the parti- 
cle behavior is localized. Unlike previous developments, the 
present work gives a fundamental understanding and insight 
into the role of interactions in filtration. 

Previous work has not separated out and studied the initial 
stages separately from the cake formation (i.e., after the sep- 
tum effects have diminished) and consolidation stages, in spite 
of apparently inexplicable filtration data relating to the early 
stage of filtration that exist in the literature relating to fine- 
particle systems. A complete analysis of the cake formation 
process can now be developed to account for both the initial 
and subsequent stages. 
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Notation 
A(s )=  Laplace amplitude of the solidosity 

a,, a = curve-fit parameters in Eqs. 31 and 32 

bx, b = curve-fit parameters in Eqs. 31 and 32 
d* (t$ = fluctuations in the distance between particles 
DO) = superficial velocity at the septum 

l= b = K(a)  

J ,  = proportionality constant of the diffusion coefficient for sys- 
tems where the direct interaction between the particles is 
dominant 

J ,  = proportionality constant of the diffusion coefficient for sys- 
tems where the fluctuations in particle motion is dominant 

k , ,  k ,  = front factors in the power laws to describe Buscall and 
White’s (1987) compressive yield stress 

n = power coefficient introduced in Eq. A1 to distinguish be- 
tween the cases of hard- and soft-sphere interaction 

nl ,  n2  = power-law coefficients to describe Buscall and White’s 
(1987) compressive yield stress 

q( t )  = time-dependent fluid flow rate 
N = suspension compressibility coefficient 

s = Laplace frequency 
x = spatial coordinate, beginning at the septum surface 
.f= initial linear flow rate (see Eq. 24) 
y =  coefficient denoting the lowest order change in the initial 

linear flow rate (see Eq. 24) 
&, = solidosity of the feed suspension 
6’ = variation in the solidosity at the initial stage 

Al, ,  = solutions of the secular equation (Eq. A16) 

4, cp= spherical angular coordinates 
T= time 

R = solid angle 
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Appendix: Solution of the Flow Equations 
The flow equations are solved below for the initial stage of 

filtration in a similar way to that applied by Koenders and 
Wakeman (1996), but the theory is extended to deal with the 
alternative form of the diffusion coefficient implied in Eq. 19. 

The suspension in the filter has a uniform solids volume 
fraction b0 at time t = 0 when the pressure is first applied. 
The value of 4 then changes as a function of time and space 
to create a gradient at the septum. The initial changes 
4’(x,t) are small compared to the initial uniform value 40: 

The constitutive equation for dilute suspensions is ob- 
tained by equating the drag force (Eq. 3) to the appropriate 
form of the interparticle repulsion force. For the case of 
soft-sphere interactions this involves Eqs. 9 and 18, and for 
hard-sphere interactions, Eq. 19. The result can be summa- 
rized as follows: 

4(x, t )  = 4[) + d+ ( x ,  t ) .  

n d 4  @ ( U -  0)- J J U -  u )  - = 0,  
d X  

where n = 0 and n = 2 apply to the soft-sphere and hard- 
sphere interactions, respectively. When n = 0 holds, the in- 
teraction is given by the derivative of the potential (Eq. 18): 

Equation 19 holds for n = 2: 

mv2 
J2 = - 

4 5  

T h e  emphasis is on small  initial solidosities 
(40 - 0.001-0.1), and therefore the fluid pressure drop in the 
suspension is a higher order effect. The permeability is de- 
fined by specifying the ratio of the flow rate through the sep- 
tum to the pressure difference across this device. In the cho- 
sen variable set, this is expressed as 

where A ,  is the septum area, and R(t)  is the resistance of 
the septum after some particle deposition has taken place. 
This definition of septum resistance is related to its thickness 
L, area A,, and permeability k ,  and to the fluid viscosity p 
through the relationship R = ( pL/kA,). This value changes 
when particles settle onto it; the simplest “law” to describe 
the evolution of R( t )  is to make it dependent on the solidos- 
ity at the septum surface 4(O, t ) .  For the small variations en- 
visaged in the initial stage, the variation in the resistance is 
evidently 

(A101 

It is easily verified that in the limit 4+(x ,  t )  << 4,; 4, << 1, 
the following estimate can be made: 

(Al l )  

It follows from the equations of continuity and condition 
A8 that: 

The constitutive equation A1 takes the following approxi- 
mated linear form: 

(A3) 

The higher order term given by Eq. 4 is neglected. For the 
case n = 0, the boundary and initial conditions are: 

Solidosity at r = 0: 4(x,O) = 4, (A41 

(A5) Particle velocity at x = 0: u(0, t )  = 0 

Phase velocity difference at large x :  (U - u) (m,  t )  = 0 

Density gradient at large x:  - ( m , t )  = 0 

Velocities at large x :  U ( m ,  t )  = u(m, t )  = V,, 

(A61 

(A7) 
d 4  
d X  

the piston velocity. (A8) 

The front factor V$ is seen to be independent of the posi- 
tion, and therefore in this approximation it does not matter 
whether it is a local or nonlocal variable. Equation A13 is 
Laplace transformed using the initial condition 4+(x, 0)  = 0: 

Equation A14 is solved for f ( x ,  s); the solution is 

where the values for A are given by 
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The signs of the constants are J, > 0, VT < 0, and /3 > 0. To 
get finite answers for large x, the implication is that only 
negative A represents a physically realistic situation; thus, 

To obtain A(s),  Eq. A1 at x = 0 is considered. Laplace trans- 
forming and substituting condition u = 0 (Eq. A5) at x = 0, as 
well as the initial conditions and the approximation that 4+ 
is small, gives 

(A181 

Substitution of the solution (Eq. A16) gives the following form 
for A h ) :  

This is, in fact, the Laplace transform of the accumulation of 
the solidosity at the septum 4+(O,t). The inverse transform 
is easily obtained (see Abramowitz and Stegun, 1972): 

For short times, this behaves as: 

The case n = 0 has already been treated by Koenders and 
Wakeman (1996). For n = 2, the hard-sphere case, it is seen 
that the accumulation at the septum does not depend on the 
piston velocity, and is therefore independent of the applied 
pressure. 

Calculation of the flow rate is made by assuming that the 
solidosity is small, and using Eqs. A9, A10, A21: 
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